
Biophysical Chemistry 14 (1981) 159-176 
Elsevier/North-Holland Biomedical Press 

15Y 

TWO-ENZYME ACiXVE TRANSPORT IN VITRO WITH pH INDUCED 
ASYMMETRICAL FUNCI-IONAL STRUCTURES_ 
III. DISCUSSIONS BASED ON NUMERICAL TREATMENTS OF THE 
TIMEDEPENDENT EVOLUTIONS 

Received 2 February f98) 

Three complementary modets have been considered in which pH gradients (step function. linear pH or linear H - ) impose 
asymmetry on a two-enzyme mixture. If the “combined pH depcndcnces” of enzymes is pro-asymmetrical. the pH gradient 
induces an asymmetrical distribution of potential activities (“latent” asymmet~ of function;il structure). When substmtc is 
added, “developed” asymmetry of effective activities appears which results in “substrate space wave” and pumping when the 
catalysed reaction couple is “%tversible”. It is shown that only one steady state exists for a given boundary condition and is 
attained when the “combined effective activity-’ of enzymes is nil: the stationary flux with symmetrical boundaries or the 
stationary load with moving boundaries is proportional to “effective global activities” of enzymes. “Equivalent square models” 
coufd be proposed that would be able to describe “functionaT or “pcrmancnt” structure pumps as xv&. These models belong 
to the thermodynamic branch and the asymmetrical “space wave” substrate concentration profires obtained must be 
distinguished from dissipative structures. It appears that such primary active nansport pumps are chemical equivalents of heat 
pumps. 

1. Introduction 

In two papers, recently published in this journal 
11,219 we gave the simplified analytical kinetic 
treatment and the experimental demonstration of 
a two-enzyme active transport pump induced by 
an asymmetrical pH gradient. 

In this vectorial transport a “thick membrane” 
contained an isotropic mixture of enzymes of dif- 
ferent pH dependences (y,). The direct effect of 
the pH gradient was the activation of a different 
enzyme in two different regions of the membrane 
(fig. la)_ This spatial distribution of “potential 
enzyme activities” [v(E,)] was named the “asym- 
metrical functional structure”. Such a structure 
depends on the relative pH dependences of the 
enzymes and is independent of the substrate. 

It was also shown [1.3-61 that the energetic 
requirements and the necessary existence of a “sink 
reaction” (where the substrate S is consumed) and 
of a “source reaction” (where the substrate is 

produced) are met with ‘“inversible” reaction cou- 
ples: an irreversible reaction is coupled to a re- 
versible one_ fn our case the transformation S -. P 
is catalysed by enzyme E, and P - S by E,. 

When substrate is added to a system where the 
“asymmetrical functional structure” and an ‘“in- 
versible reaction couple” are united. “effective en- 
zyme activities” (a function of substrate con- 
centration) develop. and a “space-wave” type dif- 
fusion-reaction concentration profile and substrate 
pumping result. 

The previous literature on in vitro active trans- 
port was already cited [ 1.31. 

Here we want to show first that functional 
structures are quantified by the “potential enzyme 
activity profile” in the membrane. These profiles 
are calculated for various typical pH gradients in 
the “square model”, the “linear pH profile model” 
and the “linear hydrogen-ion profile model”. It 
must be mentioned that physical significance can 
be attached to each model as explained in fig. lb 
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Fig. 1. (a) Schematic diagram of a twoenzyme active transport 
membrane in which the functional structure is induced by an 
external pH gradient: (A) homogeneously distributed enzymes 
Et and Es: (B) pH dependence (y,) curves of both eazymcs: 
(C) the inverse chemical reactions. (b) Physica significance of 
the three models. To a first approximation the pH profile in the 
membrane has the shape of the netttrahxation (dilution) curve 
of the diffusing. strong or wzak acid or base used to regulate 
the enzyme membrane. If ApH==ApHti,. according to the pH 
dependence (y,). curves one or other of the models becomes 
more adequate: (A) if enzyme Et is active when the pH is acid 
and E, when it is alkaline. the pH is virtually constant in each 
extreme layer of the membrane and we get the “square modd”: 
(B) if E, and Es work at two different pH values but near 
pH = 7 the pH is linear in the membrane and n-e get the “linear 
pH profile model”: (C) if the optimal pH vahtes of both Et and 
E, are situated in the acid (or alkaline) region. the H’ (or 
OH -) concentration profile is linear in the membrane and we 
obtain the “linear H+ concentration profile model-. (c) If- 
lustrative pH dependence (y,) cm-ves of the two enzymes used 
in our experimental glucose pump [2Jr hexokinase and acid 
phosPhatase_ 



and legend. Further discussions on functionai 
structures lead us to the important notion of “pro- 
asymmetry” linked to enzyme properties. 

Secondly, space waves are calculated with dif- 
ferent substrate concentration levels on the mem- 
brane boundaries. It will be shown that pumping 
properties are related to the “global” effective 
activity and not to the shape of its profile in the 
membrane. 

With these results in hand, global or “equiva- 
lent” models may be proposed that are able to 
distinguish evolutions and steady states but re- 
group the “functional” and “permanent” [3] struc- 
tures that are able to pump. 

To make the calculations and discussions possi- 
ble, new notations including the potential and 
effective enzyme activities are used. The present 
treatment is not limited to steady states or to 
reactions of even order; complexity arises from 
less restrictive assumptions and requires numerical 
treatments. Such treatment of mono- or poly- 
enzymatic immobilized enzyme systems using di- 
mensionless parameters was initiated in 1971 in 
our laboratory 171. The method has been widely 
developed and mathematically justified [S] and is 
now currently used. 

Past experience in the field has shown how 
essential it is to verify the singleness of the steady 
state that appears at the end of the spontaneous 
establishment period, by solving the nonlinear dif- 
ferential equations of time evolutions numerically. 
In this respect no guarantee is offered by fin- 
earized solutions. 

2. Notations and models 

2.1. iVotations 

(See symbols in table 1.) In agreement with refs. 
[5,6,9,10] the local reaction rate (uj),_, at time r 
and space coordinate x along an axis perpendicu- 
lar to the plane of the membrane (OG x s 1) is 
written: 

(&., = %i(Yixi),.~7 (1) 

where Vmi is the maximum velocity; yi is the 
mathematical expression of the pH dependence of 

enzyme E,, its vaiue varies between 0 and 1 and is 
maximum for the optimal pH: the function A, 
expresses the substrate dependence. for Michaelian 
enzymes it takes the form 

xi =S,/(&,, +S,)=s,/(l t-s,) 

( Km‘ = Michaelis’ constant. S, = substrate con- 
centration and s, = S,/K,,). A, varies also from 0 
to 1 while the substrate concentration increases 
from 0 to the saturating value. 

If a, is the characteristic “Thiele type” dimen- 
sionless enzyme diffusion-reaction parameter of 
the membrane (CI, = Vmle2//K,,D; D = diffusion 
coefficient of S; e= thickness of membrane). the 
“local potential activity” is defined by 

oG%).y.r= (aiy,).v., (2) 

and the “local effective activity” is 

+J,.,= (o;‘Y,QX.~- (3) 

It can be seen that for X, = I (high substrate 
concentrations), zj( F,),., = u(E,),.~, in other words 
the potential enzyme activity represents the maxi- 
mum enzyme activity under the Iocal pH condi- 
tions and is particularly useful for following the 
effect of PH. disregarding that of the substrate. 

For isotropic membranes a, is constant in space 
and time; and, by integration throughout the whole 
membrane_ we obtain for each enzyme the expres- 
sion of the ““global potential activity”: 

V(E,),=o,lo’(~i),.,dx (4) 

and of the “global effective activity”’ 

V(G,)~=~,/o’(y,h,).~_, dx- (5) 

In the following, we do not consider pH modifi- 
cations due to reaction products (neutral reactions 
or strong buffering) and for each mode1 the pH 
through the membrane is assumed to be indepen- 
dent of time, consequently each (Y~).~_, reduces to 
(yj&. With these assumptions the potential activity 
profiles and the global potential activities are con- 
stant (V(Ei), = V(E,) = CY). 

In the inversible enzyme reaction, the activities 
of the couples E, and Ez have inverse effects on 
the S or P concentration and the local tendency to 
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Membrane surface area 
Coefficients of the Y,_~ eqs. (9). (21 j-(241 
Diffusion coefficient of S and P in the membrane 
Membrane thickness 
Diffusion-reaction flux of S 
Michaelis constant of Et and E, enzymes 
Optimal value of rationalized ApH: m=ApH/ApHti, 
Relative inactive layer thickness in the square model 
Cologarithm of the H * concentration 
Intermediate pH value for which ys2 =Ct 
Real and adimensional product concentration: p= P/K, 
Real and adimensional substrate concentration: sr--S/K, 
Real and adimcnsiona1 time; I* = xD/ez 
Enzymic reaction rate of E,: s, = &,y,X, 
Local potential enzyme activity: o(E,)=a,y, 
Local effective enzyme activity; c(S,)=u,y,X, 
Membrane volume; v,,, = cw 
Volume of the cell compartmenr;j= I or Z 
Maximum rate of reaction catalyzed by E, (at optimal pH) 
Global potential enzyme activity; Iz(E,)=/&(E,) da 
Global effective enzyme activity: lI’(&,)=&lo’c( &,) ds 
Real and adimensional distance parameter: x=X/e 
Concentration of the species Z 
Substrate dependence of enzyme E, 
pH dependence of enzyme E, 
Combined pH dependence of eaqme couple E, and E, 
Space increment 
Time increment 
pH interval between x=0 and x= I 
Active zone: between both extreme roots of cq. (9) 
Dimensionless diffusion-reaction parameter of the membrane: o, = V,, e’//f;,D. related to enzyme E,. i= 1 or 3. 

consume S or produce P is given by the ‘%ombined 
potential activity”: 

~I%.z).x==@z)x - 4Wx = ~CQYE - a,~, 1, 

= 4Y, - ayz1.x = Q1(Y1.2)x’ (6) 

where Y,~ =yI - ayz and u=oi/al. An evident 
simplification consists of assuming u, = a2 = u 
leading to 

Y1.2 = (Yr -Y21x- (7) 

If y1.2 30 S is consumed and if ya2 (0 S is 
produced when the initial P cxxxcentration is not 

much higher than that of S. As active transport of 
the types studied needs the association of a reac- 
tive “sink” and of a “source”, (y,& must change 

its sign inside the membrane. This condition ex- 
presses the necessary interrelation between the y, 
and yz functions of the enzymes and the ApH to 
be imposed on the membrane boundaries, in order 
to obtain the “functional structure’* needed. (In 
other words the space asymmetry of enzyme activ- 
ities under a pH gradient is already memorized in 
the intrinsic pro-asymmetry of the yi of the selected 
enzymes.) 

The combination with the local S and P con- 
centrations gives the “local combined effective ac- 
tivity” 

w 
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Integration of eq_ (8) throughout the membrane 
gives the “global combined effective activity” 
V(S ) 1.2 I‘ 

In addition to the above quantities the follow- 
ing dimensionless ones are also used: space, x = 
X/e; time, r’ = tD/22; we assume similar D values 
for the diffusion coefficients of S and P. 

2.2. Models 

Each model examined is characterized by the 
mathematical expression of its yI,z profile as a 
function of x, ~~_~(x)_ 

In the ‘Square model”, y&x) is a step func- 
tion; the membrane is divided into three layers 
[ 1.21: (i) two layers of identical thickness e/( n + 2) 
and inverse activities corresponding to yJx)= 
t-1 forx~l/(n+2)andyt_Z(_x)=-1 forx>(n 
+ I)/(n + 2); (ii) an intermediate inactive layer of 
thickness tre,/( n + 2) where y,Jx) = 0 for 1 /(n + 
2)c:x<(n+ l)/(n+ 2). n is a variable of the 
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Fig. 2. The three models with: (A) pH profile inside the mem- 
b-e pWx>; (Bf the combined potential acliviiry profde yil( x): 
(cl the potential activity profile y,(x) of E,: (D) the potential 

--_I_ 

activity profife y2(s) of E2. (a) Tbiz sqwxre model; (b) the linear 
pH profile model: (c) the linear H’ concentnrion profile 
model. 



external PH values at the membrane limits (fig. 
2a). This is a limiting mean approximation of the 
potential enzyme activity profiles generated by a 
pH gradient in the membrane. 

The effect of the pH gradient can be more 
accurately expressed by combining the pH profile 
at a given moment pH(x) with the combined 
potential activity Y,_~ (pH). thus obtaining the 
potential enzyme activity profile 

v,.-(pH(x:))- 

In agreement with eq. (7) if the pH-dependence 
laws y, of the participating enzymes are parabolic 
or gaussian and overlap each other [9,10] (fig. Ic). 
a satisfactory approximation of yJpH(_x) is given 
by a polynomial expression of third degree: 

y,,(pH(x)) = b, +b, PI-I(X) + b, pH’(x) 

‘4 pH3(x)_ (9) 

Y,_~((PH)) = 0 for the three roots of eq. (9); physi- 
cal significance exists only for pH values situated 
between the smallest and the greatest root: the pH 
interval between these values is APH,~, and en- 
zyme activity only exists in this pH zone. The pH 
values on membrane boundaries (x = 0, x = 1) will 
always be included between these values or. in 
other terms. inactive layers near the boundaries 
are not considered. 

The intermediate root corresponds to pH, for 
which the combined potential activity is nil (equal 
potential activities)_ 

From the experimental Y,~ ((pH)) of the en- 
zyme couple the b, coefficients are easily obtained 
by numerical fitting; the hexokinase-acid phos- 
phatase couple is given as an example in fig_ lc. (If 
the y, of the studied enzyme couple were more 
widely separated, a 5th degree relation could be 
used.) 

In the “linear pH profile model” the variation 
of the pH is assumed to be proportional to space 
coordinate x: 

pH(x)=pH(O)+x[pH(l)-pH(O)]. (10) 

The illustration given in fig. 2b shows that we need 
tofixpH=pH,atx=OSinordertoget V(E,)= 
V(E,). The midpoint is a symmetry point of y& x). 

In the “linear H + ion concentration profile 

model” the H’ concentration is a direct function 
of x. 

pH(x)= -log{W(O)+x[H(l)-JYJ(O)]}. (11) 

The example of fig. 2c shows that V(E,)= V(E,) 
is obtained with an asymmetrical y,.Jx) profile, as 
a consequence of the Iogarithmic relation between 
the pH and the Hi concentration_ 

3. The mathematical treatment 

3.1. The equations to be solved 

Applying the general equation of diffusion reac- 
tions for a species Z (Z = S or Z = P): 

(dZ/dt].,., = (aZ/& )x_, diffusion 

+ (azjat ), , reaction (12) 

and introducing Fick’s law and Michaelian kinet- 
ics [1] we have the now classical relations, for the 
substrate: 

as/at'= a%/axz - ~(s,_~),_,, 

and for the product: 

(13) 

(14) 

3_?_ The nwnerical treatment 

In the numerical analysis the partial differen- 
tials of s,_,. are assimilated to small modifications 
of the function due to elementary variations of the 
space and time variables using two major tech- 
niques: the implicit method and the explicit method 
[7,8]. In the first case the partial differentials rela- 
tive to space are calculated at time t’ + At’ (un- 
known profile) and in the second case at time t’ 
(known profile)_ The corresponding equations are, 
for example, for substrate: 
With the implicit method: 



With the explicit method: 

for the product we get 

(16) 

(17) 

with the condition of stability and singleness: 

AC/Ax’ < (2 -t 0 Ax’)-‘_ (18) 

Because of the number of steps imposed by the 
At’ condition of eq. (18) the explicit method re- 
quires more computer time. but it is easier to 
handle, more especially when the orders of magni- 
tude of the concentration of the species considered 
are different_ Most of the results presented here 
were obtained by this technique with a powerful 
computer system. 

Step-by-step computations of the concentration 
profiles of the different species in the membrane 
were obtained for preselected Ax and At’ values, 
i.e., as a function of space and time and from there 
the fluxes were calculated_ In the absence of ana- 
lytical expressions the results are expressed in 
graphic form as usual. 

3.3. computing 

Two different computing techniques were used: 
(i) a small Hewlett Packard model 15 (HP 9815) 
computer with a capacity of 2000 programme steps 
coupled to a magnetic tape memory and to an X-Y 
tracer; (ii) a large system including two IBM 370- 
168 computers with a capacity of 7 million octets 
belonging to the computer center of CIRCE in 
Orsay and connected by a terminal to our univer- 
sity_ 

4. Resuhs 

them. In order to avoid unnecessary repetition of 
trivial equivalences we shall examine complemen- 
tary properties in the different models and look 
for more general views in the conclusion_ 

4.1. The square model: Y,.~ (x;) is a step function 

With this simplified model we already had some 
analytical results [I] limited to steady-state condi- 
tions_ We are interested in the rate of evolution of 
substrate concentrations and fluxes without forget- 
ting that at infinite time the analytical and numeri- 
cal analyses must come to the same result. except 
for the intermedia:e order reaction rates. 

4.1.1. Tire stea& state with fi_ved boundary condi- 

tions: its establishment and singleness 

As indicated by the analytical treatment [I]. the 
steady state with fixed membrane boundaries is 
the same as the first quasi-stationary state ob- 
tained with moving boundaries (before any change 
in cell concentration occurs). 

This is also the first state after the initial one at 
t = 0 that can be identified by exact analysis and 
we expect numerical treatments to give us some 
more information on the establishment period be- 
fore the steady state. Starting with a void or a full 
membrane we find at zero order the following 
results: 

Original& coid membrane. The membrane is 
assumed to be activated by the pH gradient before 
the substrate is added in the compartments. It is 
shown in fig. 3a that the substrate space wave is 
progressively generated before any further change. 

Original& fuII membrane. It is assumed that the 
membrane is filled by substrate before being 
quickly activated by the pH gradient. In this case 
the space wave is rapidly generated and is simuita- 
neously amplified on both sides of a central sym- 
metry point (fig. 3b). as contact time increases. 

The most important conclusion is that the 
steady-state profile is the same in both cases; there 
is singleness of this state. under identical boundary 
conditions independent[v of fiIIing and activation 

sequences. 
The results for the three models are given 

successively; however, several properties. except 
for the pH-activity relations, are shared by all of 
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4.12. Establishment and existence of a unique first 
quasi-statiotzary state with moving boundaries 

With finite cell volumes ( uCj) (j = 1 or 2) on 
both sides of the membrane the transport of sub- 
strate modifies the concentration in the compart- 
ments. The substrate diffusion flux at each point 
of the membrane is 

J%= -DgradS. (19) 

This flux through membrane surface “a” is 
proportional to the tangent of the concentration 
profile at s(O) on the input side (where x = 0) and 
at s(l) on the output face (where x = 1). The 
elementary rate of modification of the concentra- 
tion in compartmentj follows the law 

AS, = (v,/~)( AS/AX),, At’, (20) 

where v,,, = ae is the membrane volume. 
The calculations illustrated in fig. 4a show the 

evolution of the system toward the steady state 
where the entering and leaving fluxes become nil_ 

These results have further implications; they 
demonstrate that in order to work the membrane 
must first be filled with substrate in a manner 
identical to the steady state obtained with fixed 
boundaries. After that. due to quick relaxation 
inside the membrane, the evolution goes through 
successive quasi-stationary states caused by the 
modifications of boundary concentrations con- 
trolled by the pumping itself (fig. 5). 

It can be again concluded that the pumping 
starts with a unique and real quasi-stationary state 
which is the same as that given by the analytical 
approach; this previously assumed state is now 
justified. 

The influence of the initial product concentra- 
tion was also obtained. Once the pumping is 
established the S and P concentrations are of the 
same order of magnitude* (figs.5 and lla) and 

* This means that if k,, -LX._= the orders of the two reactions 
arc similar in the steady state as was assumed in the analyti- 
cal model [I]. 

Fig. 3. Square model: singkness of the steady state with im- 
posed boundaries: (a) membrane initially void of substrate: (b) 
membrane initially full of substrate. 



Diszance p3;ramet;er x 

a 

b 

Distance parameter x 

Fig. 4. Square model: singleness of the steady st31e with mov- 
ins boundaries: (a) mcmbranc initially full of substrate and 
void of product: (b) aaive barrier with initia? subtitrate con- 
ccrntrarion gradient higher than the maximum load of the 
pump: (c) uncqunl cell volumes with L*~~/c~~ =3. 

the resulting steady state is largely independent of 
the initial P concentration. 

4.1.3. The membrane as a51 *‘actiOe barrier” 

If we now consider an initial boundary con- 
centration difference which is higher than the max- 
imum load of the pump. the passive back-diffusion 
flux of substrate will exceed the active ftux and 
(with moving boundaries) the gradient tends to- 
ward its steady state following apparently passive 
diffusion kinetics. 

The stationary state load AS,, (fig. 4b) is the 
same as with an “uphill pumping” approach_ 

2%~ stntio?zary state is aiso irtdepe&ellr of llte 
i?zirial ~a~~d~r~ons ai rite membrane boundaries. 

4.1.4. The size of the comparm~enrs 

The compartment volumes change the rate of Dist2ance parameter x 
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obtaining the steady state to a great extent, but do 
not change the corresponding maximum load (fig. 

4~). However, if the reservoir on the donor side is 
small, the pumping activity decreases the donor 
substrate concentration and the order of reaction 
starting at zero may increase up to one. The final 
gradient and the evolution toward the steady state 
undergo corresponding modifications. 

The functional structure of potential activities is 
characterized by eqs. (9) and (IO). Most of the 
conclusions obtained with the “square model” 
concern the establishment of the steady states and 
the effects of D and of initial conditions. They do 
not undergo very significant changes with a linear 
pH activation. Two questions need further ex- 
amination: the ApH-activity relation and the 
“equivalent model”. 

Let the pH gradient be centered at the x = 0.5 
midpoint on pH, (no net potential activity). a 
V(E,) = V(E,) distribution of potential enzyme 
activities is obtained for all pH gradients (see figs. 
2b and Ic). 

As V(E,) represents the global potential activity 
as well as the corresponding maximum effective 
activity for membranes saturated with the sub- 
strate (h = 1). the V(E,) =f( ApH) relation gives 
simuftaneous information on the variations of 
potential activity and on the zero-order pumping 
efficiency according to the pH gradient. As shown 
in fig. 6, with a flat symmetrical pH profile there is 
no enzyme and pumping activity_ The enzyme 
activities and the pumping efficiency increase in 
proportion to the pH gradient up to a limit, after 

Fig. 5. Square model: establishment and existence of a quasi- 
stationary state in a membrane with moving boundaries and 
different LT_/IT~ vaiues: evolution as D function of time in the 
plane x=0.2 of: (a) substrate concentration: (b) prodluct con- 
ccnrration. Curve D (a) gives an example of the non-existence 
of thtl quasi-stationary State when ium/vc is not sufikie& 
smdl. .7,=0.1; J?D=O: o=xk 



0 1 2 3 

PH gradient APH 

Fig. 6. Linear pH profile model: pumping activity as a function 
of the activating pH gradient; the total active zone is .IPH,~, = 
3.5. 

which both decline giving evidence of an optimal 
ApH value for ApH = O.SAPH,~,. This result can 
be demonstrated. 

Expression of yJ x) as a function of pH - pH, 
based on eqs. (9) and (10) results in a polynomial 
of odd third degree: 

YJX) = c,xs + c+ (21) 

its roots are 0, A and -A, c, and c2 are constants 
and the total activity Q is proportional to the 
surface covered by this curve when ApH = ApH,;, 
in the membrane: 

Q = =*x4/4 + +x*/2 (22) 

for a smaller ApH we have x = nui; for the whole 
thickness of the membrane the corresponding ac- 
tivity is: 

V( E,2) = c,m3A4/4 + czmAA’/2 (23) 

If59 ----.----- ___.-_ .._ .._., __.- ___ 

V( E,_z) is maximum when: 

)?I 2_ - -2c,/3c,A’ (24) 

A being a root of eq. (21) we have A2 = -c~/c, 

and after substitution in relation (24): 

)>I = ,12/3= 0.81 (25) 

This result is in reasonable agreement with that of 
fig. 6 and we understand that the pumping activity 
is a function of the u value taken by the membrane 
independent of the shape of the pH gradient that 
produces it. 

42.2. i?he “equivalenr square model” 

Using the last remarks of the preceding section. 
an equivalent square model with its o and with 
general properties similar to those of the original 
linear pH model can be calculated. For two en- 
zymes whose pH activities overlap we have )I = 0 
and u is obtained from eq. (23): 

o = c,m3A4/4 -t c,mA’/2 

where A = ApH,;,/2, m = ApH,;, and c, and c2 
are furnished by experiments or numerical fitting. 

In agreement with the assumptions used to 
construct this model the y,(s) and y?(x) are sym- 
metrically distributed and the equivalent square 
model is also symmetrical. 

4.3. The linear H I concentration profiie model (fig. 

2) 

Consider an uncharged membrane and asym- 
metry imposed by diffusion of an acid (or a base) 
between fixed boundaries; the steady-state H i (or 
OH -) concentration profile through the mem- 
brane will be linear, the pH profile logarithmic 
and the corresponding pH(x) and enzyme activity 
profiles very asymmetrical: eqs. (9) and (11) and 
fig. 2c describe this situation. 

The modification of the acid gradient changes 
the pH(x) and consequently the V(E,,(x)) func- 
tions but the principles of the mathematical treat- 
ment remain the same as before. From now on. we 
shall concentrate on steady-state fluxes. 



4.3. I. Subsfrate flus-substrate concentration rela- 

rionship is not Michaelian 

With a constant u the shape of the curve repre- 
senting the steady-state active transport fhtx for 
various‘ identical external dimensionless concentra- 
tions sa at first sight seems similar to that of the 
Michaelian kinetics. Effectively, this flux is pro- 
portional to so for small concentrations (sO < 0.3) 
and levels off for high ones (sO > 10). However. a 
more rigorous examination of the substrate flux- 
substrate concentration relationship (fig. 7) shows 
that the saturation is retarded compared to 
Michaelian predictions; thus the combination of 
two Michaelian phenomena is not rigorously 
Michaelian. This observation is of interest to phys- 
iologists studying in vivo transport *_ 

The saturation level is not a function of Vm/K, 
as in enzyme solutions but of u which is also 
dependent on the diffusional characteristics of the 
membrane (ez/D). Some analogy with the 
Michaelian law exists as the pumping activity is a 
linear function of small (J values and reaches a 
maximum when (I is high (fig. 8). However. the 
upper Iimit corresponds to full diffusion control of 
the intramembrane phenomenon and appears when 
the transformation of the substrate entering the 
membrane is nearly instantaneous and its con- 
centration in the layer with E, activity approaches 
zero. (Reasonably. such a system should not be 
considered without the unstirred layer “film con- 
trol” on the boundaries that would unavoidably 
appear even with efficient stirring in the compart- 
ments [Ill.) 

4.3.2. TJze s(x) profile without a uniform order of 

reaction in tire membrane 

Let us consider first symmetrical fixed 
boundaries and a diffusion-reaction activity (r high 
enough to depress deeply the substrate concentra- 
tion profile for low x values (near the entering face 
of the membrane). Along this profile the order of 
reacrion increases with x, for example, from zero 
at the surface (if s0 > 10) toward one inside the 
membrane, but at high X, Ez and not E, is active. 

* Examination of this question was promoted by Professcr M. 
Thcllicr. 

SLlbSti-aC~ CO”C. log tsol 

Fig. 7. Linear H * concentration model with fixed boundaries: 
entering substrate flux (logarithmic scale) due to pumping 
actixity as a function of the external substrate concentration. 

1 2 3 
Activity 10s cm 

Fig. 8. Entering substrate flux (same as tn fig. 7) as a function 
of the potential enzyme activities. 
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Fig. 9. Non-uniform order of reaction inside the membrane: (a) 
S and P concentration profile (left ordinate) and order of 
rextion (right ordinate): (b) potential ( ) and effcc- 
tive (- - -_) enzyme activity profiies: optimal pH values ;Lre 
11 (E,) and 7.2 (E,); 0=3.10”. 

and S(X) and the order of reaction both increase 
again. The space wave is somewhat modified com- 
pared to purely zero- or purely first-order reac- 
tions. that is the zero-order profile is attenuated. 

In the zero-flux steady state the boundary sub- 
strate concentrations are dissymmetrical and s(x) 
and p(x) profiles complementary to each other are 
found. Ef cr has a high value the concentration 
gradients are very abrupt. X, and X, are markedly 
dependent on I and their sum exhibits a low 
minimum as shown in fig. 9a. The X,(x) and X2(s) 
regulate the I/(&,(s)) and the order of reaction 
profiles. 

4.3.3. Polenrial and eJjCecrive activities: combined 

effects of H + and S profiles 

A variety of pH couples can be imposed VI. the 
membrane limits between which a linear H - pro- 
file induces equal global potential enzyme activi- 
ties V(E,) = V(E,). For a given enzyme couple the 
effective activity profiles V(G,),., are dependent 
on substrate (and product) concentration profiles 
and are different from potential activity profiles if 
the activity is not saturated. 

An illustration of such profiles is given in fig. 
9b for asymmetrical steady-state boundary condi- 
tions detailed in section 4.3.2. It is observed that 
the effective activity profile is asymmetrical but 
the surface covered by the curves. i.e.. the effective 
activities V( St ) and V( Sz ) remain equal. 

To explore this result further, calculations have 
been made for very different situations. some of 
which are given in table 2 where low but symmetri- 
cal boundary substrate concentrations were used. 

Here again whatever the limiting pH values. the 
shape of potential activity profiles and even the 
proportions of potential activities. the global effec- 
tive activities of the two enzymes are found to be 
equal in the steady state. This very fundamental 
observation reveals that this type of pump is self- 
regulating. self-stabilizing. and its evolutions to- 
ward the steady state are expressed by the evolu- 
tion toward global V(G,.2)= 0. 

4.3.4. Flux-effective activio? relarion 

Table 2A and B shows that the substrate flux is 
directly proportional to the global effective activ- 
ity and is independent of the means used to obtain 



172 J.-C. Vincent ct tti./Twn-en~~wae ttctiw tmmport III 

Table Z 

Steady-state active transport fluxes of a membmnc: enzymes: E, with pH,, = 8. active pH zoos: X = I : E, with pHmp, = IO_ active pH 
zone: 10= 1. The potential activity is dependent on the difference heturcn pHt and pH2 values on membrane limits. infinite cell 
volumes f&d boundaricsk external substrate concentration: S, = 10 _a K, in both cc&. 

PH, /P% Shape of potential Global Global Stationary fhtx 
activity profile potential effective (arbitrary units) 

activities activities 

V(E,)C V(E,) Q I’(EI) l’( F, ) f I’( 5, ) %. I’( g I ) 

A s.00/9_40 32.66 50 0.0023 50 0.113 

7.50/9.39 31.76 50 0.00~ 50 0.111 

fi.Oo/9.36 79.08 50 0.002 1 50 O_lOS 

x.rso/s.ttr v 11.09 50 0.0016 50 0.0X4 

B 7.00/9.40 31.66 50 0.0023 50 0.113 
7.5019.39 32.66 50 0.0023 50 0.113 

X.00/9.36 32.66 50 0.0073 50 0.113 

8.50/9.2fi 313.66 50 0.0023 zx 0.113 

c 7.00/9.40 32.66 so 0.0023 50 0.113 

7.00/9.?5 32.66 78 0.0015 50 O.l4R 

7.00/9_55 32.66 27 0.0016 50 0.083 

El E2 

V~ET+E~~: 33 

Distance parameter x 

these activities, namely with Iess enzyme and a 
strongly activating W + gradient or more enzyme 
2nd less favorable activation_ 

In table 2c the sum of all global potential 
activities is constant but their ratio is variable_ It is 
seen that, within the limits explored, 0.25 C 
V<E r)/( V(E I) + V( Ez)) C O-78, the effective activ- 
ity and the fhtx increase when f/(E, ) increases. A 
low F/(E,) with a higher V(E,) is not at all favora- 
ble to pumping. This effect is explained by the 
large increase in product cdncentration inside the 
membrane (fig. IO), so that Ez may work with a 
lower order of reaction and a higher efficiency 
than E,. 

4.33. The equivalent asymmetrical square model 

In the steady or quasi-stationary states, the 

Fig. 10. Linear H* concentration profile model -5th imposed 
boundaries. influence of the pH gradient; substrate concemtra- 
rion profiles with different global potential activity balances of 
the two enzymes Et and E2_ 



Fig. 11. Tsvc~~~~yme active transport membrane with a linear 
pH profile; initial conditions: membrane full of substrate and 
void of product (a) substrate ( ) and product (-- - 

global effective activities being the same for both 
enzymes, and the fluxes and gradients being con-’ 
trolled by this activity, the general properties of 
the “linear H+ -’ pump can also be represented by 
another equivalent square model with constant 
mean u, and o, activities in each layer. 

The difference with the previous models is that 
in the present case the repartition of the activities 
as a function of x is asymmetrical as are the 
effective activity profiles, however, the global. ac- 
tivities remain equal 

5. Some general remarks 

Before the final discussion two important prop- 
erties uniting all the models must be underlined in 
this section. 

II. Time-dependent evolutions of s(x, t) profiles 

The s(x, t) substrate concentration profile as a 
function of space and time coordinates covers a 
gauche twisted surface. An example of a mem- 
brane activated by a linear pH profile and initially 
full of substrate is given in fig. 1 lb. 

With a sufficiently large cell/membrane volume 
ratio (u,/u,) during its establishment the pump 
first of all reaches the working szuze corresponding 
to unmodified boundaries_ This working state is 
characterized by the corresponding space wave of 
the substrate concentration profile in the mem- 
brane. If, for example, the membrane is initially 
full of S, this oscillatory profile is formed by a 
progressive deformation of the initial profile (fig. 
11). The profile remains unchanged as a function 
of time with infinite cell volumes (fixed boundaries) 
and the state of rile pump and the flux are steady- 

When v, /v,,, is finite this same established state 

is quasi-stationary and modifies itself according to 
the concentration modifications produced by the 
pump in the cells. The steady state is then defined 

-) concentration profiles at different real times; (b) three- 
dimensional substrate concentration evoltttions as a function of 
distance parameter I and time (log I): numerical characteristics 
are the same as in (a). 



by a zero net flux through the membrane and 
depends on r@te fond (AS) corresponding to the 
effective membrane activity in the seF&-rreated 

boundary conditions. The time required ~a attain 

rhe stea& stare depends on successive membrane 
activit;es and on cell volumes. 

We note that the “unique” quasi-stationary state 
does not exist if u,__u, is so small that the simple 
filling of the membrane already changes the cell 
concentrations_ Then the steady state will he at- 
tained following a shorter pathway dependent on 

the 22,/u, factor (see fig. 5%). 
AfI these conclusions are v&d for a11 the mod- 

els_ 

5.2 The square and equicaient square modeis mzd 

the inrerdependence of effectiae enz_rnre acthities 

The symmetrical square model proposed origi- 
nally. in which equal P(E,) and ii values were 
assumed, is a good approach when the active pH 
zones of E, and E, are get-y distinct and are 
respectively acid or alkaline- 

The linear pH mode1 is convenient when the 

active pH vahtes approach 7 from different sides, 
but it is replaceable in the steady or quasi- 
stationary states by a symmetrical equivalent 
square model calculable from enzyme, membrane 
ahd boundary characteristics. 

The linear H + model can also be reduced to an 
equivalent but asymmetricali model in the steady 
states even when the potential activities of the 
enzymes are different. 

All this leads to the general conchtsion that 
whatever the model, the nature of the pfI gradient. 
the nature or ratios of potential enzyme activities, 
boundary conditions or profiles, the effective ac- 
tivities are equal in ah steady states. They are 
virtually equal in the quasi-stationary states. 

The conclusion is quite evident from the fact 
that the steady states are only possible if the 
consumption and production of S and P are equal 
and their profiles are maintained constant_ 

When the potential activities are unequal. a 
first-order activity of excess E, can be com- 
pensated by a zero-order action of a smaller 
amount 0; E,. The inverse is also true but with 
some loss of pumping efficiency (table 2c)_ 

Moreover, it appears to be verified that all 
evolutions tend toward equilibrated effective en- 
zyme activities characterizing the steady state (see 
section 4.3.3.). 

6. Discussion and conclusions 

For more than ten years our group has been 
investigating in vitro active transports_ We now 
wish to demonstrate that the interesting results 
expounded in this paper lead to more general 
conclusions which also include previous results. 

The pump described belongs to the family of 
“primary molecule-motive” systems such as the 
“proton-motive” theory of Mitchell. It agrees with 
the Guggenheim-Mitchell principles [ 12,131 where 
a sink and a source reaction are linked by trans- 
port; it is completed with the theory of “inversible 
reactions” [ 1,4-6,9]. 

The greatest originality of this work was the 
insertion of enzymic properties into those of the 
pump. The enzymes bring the regulations through 
the pH and through the substrate and also as we 
previously demonstrated, the stereoselectivity 
f2,14$ In fact. in order to obtain isomer separation 
by the pump, we had to associate the molecular 
asymmetry (chirality) and the membrane asymme- 

try- 
Where the membrane asymmetry is concerned, 

the “combined pH dependence” yi_-, (pH)-an 
intrinsic property of the enzyme mixture-brings 
the pro-a.ryntnretT of the functional structure much 
as prochirality does toward chirality. The asym- 
metrical pH gradient (pH(x) function) imposed on 
the pro-asymmetrical mixture produces the func- 
tional structure (V(E,,) (x)) that may be called 
“latent asymmetry” of the membrane (in analogy 
with the photographical latent image)_ In the ab- 
sence of substrate it is hard to identify -&is latent 
asymmetry which is “developed” by the combined 
effective activity (Y(S,,) when substrate is added 
and the asymmetrical substrate concentration space 
wave appears. 

The singleness of steady state (for defined ini- 
tial and boundary conditions) shows on the one 
hand the stability of these waves; on the other. it 
also demonstrates that these waves do not belong 



to the family of non-linear “dissipative structures” 
that are predicted far from equilibrium [IS]. On 
the contrary, with a low enzyme activity, space 
waves develop even without any substrate con- 
centration difference between the boundaries, not 
far from equilibrium and well into the thermody- 
namic domain. With the trilogy of “pro-asymmetg 

-latent as>wmzetty-developed a.ymmet~.” it can be 
considered that the enzyme structures “memorize” 
the properties that are necessary to obtain asym- 
metry and a high pump efficiency. The “asymmet- 
rical space wave” (a whole number of waves) 
denomination was specifically introduced recently 
[l] (in agreement with the Brussels group) in order 
to underline the difference with “dissipative oscil- 
latory profiles”. Seif-sustaining or self-destroying 
dissipative structures need feed-back regulations 
by products 19,161 which have been excluded here 
and which will be detailed later. However, we must 
insist on three points now. 

First, let us consider pH gradients. In the pre- 
sent model the pH gradient of sine qua ~OFI necess- 
ity is the inductor of asymmetry_ But even if the 
two enzymes were distributed in two separate 
layers, as in the “permanent structure” model al- 
ready studied [3.17] and not intimately mixed, a 
pH difference between these layers would never- 
theless be necessary for the pump to work if the 
y,(pH) and y?(pH) functions do not overlap each 
other. The necessity of such a ApH due to enzyme 
properties is often overlooked by those who dis- 
cuss the problem in biological terms. We can 
conclude that calculation of potential enzyme ac- 
tivities is a complement which is also beneficial for 
“permanent structures”_ 

Secondly, the steady-state equality V( s, ) = 
V(&)-or in other words the definition of this 
state by zero “combined effective activity” 
(V( &r.2) = 0)-and the resulting “equivalent 
square models” can describe the pump in very 
general terms that are perfectly consistent with the 
methods of irreversible thermodynamics. indepen- 
dent of the “functional”. “permanent” or “mixed” 
nature of the enzyme activity structure. Such 
descriptions are valid even when the space wave is 
strongly deformed by lack of isotropy or convec- 
tive contributions [4]. 

Thirdly, the molecule-motive- two-reaction 

model is valid for charged as well as uncharged 
species: in Mitchell’s terms “charge would be inci- 
dental” [13]_ Molecules. ions or electrons can be 
moved between “sink” and “source”: for example. 
an H- pumping model has recently been studied 
[9]. Moreover_ with the “reaction products” hot 
and cold respectively, enz_rmic (Michaelian) hear 
pu~nps can be designed. Such pumps can use the 
sink and the source reactions. We feel we are 
justified in using the term “generalized sinks and 
sources” and qualify this primary active transport 
of “chemical eqttivalent of heat prnnps”‘~ The 
mathematical description would not undergo major 
modifications as long as the “primary” chemical 
potential (affinity) forces are not significantly per- 
turbed by additional (electrical potential. pressure) 
forces. 

The very reasonable agreement bet\veen calcu- 
lated and experimental effects and results. tire 
availability of heat pump mathematics and the 
demonstration of non-enzymatic pumps [4] lead us 
to the conclusion that “coupled primary pumps” 
transporting several types of species must bring 
more information [9.16] before deeper exploration 
of the more recent “time oscillation” active trans- 
port [6,9] and of primary-secondary coupling. 

Last but not least, we are particularly happy 
that this research has already brought about [ 18.191 
new progress in computer-connected fermenta- 
tions used to detect and study bacterial growth 
and activity. 
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